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The mathematics of the topic

The physical situation consists of two observers S and S ′ which are in rectilinear and
uniform translation motion relative to each other. The x and x′ axes coincide and the
motion is along them in 3-D. Each observer has a clock located at the origin of the 3-D
axes. The observers emit electromagnetic TV signals containing the image of their own
clock and re-emit the received image of the other. Thus, observer S ′ has in event 4 both
its own time at event 2 and S’s time at event 3. The question arises as to what condition
the three time coordinates must satisfy in order for the induced structure in spacetime to
be hyperbolic.
For this we write the equations of some lines, and the intersection of two lines is an event.

x = −c(t − t3)
x = vt

t = t2

x = x2

(1)
(2)
(3)
(4){

vt2 = −ct2 + ct3

x2 = vt2

(5)
(6)
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
t2 = t3

1 + v

c
x2 = vt2

(7)

(8)
t′
2 = kt2 = kt3

1 + v

c
x′

2 = 0

(9)

(10)
x − x3 = c(t − t3)
x = vt

t = t4

x = x4

(11)
(12)
(13)
(14)

t4 = t3

1 − v

c
x4 = vt4

(15)

(16)
t′
4 = kt4 = kt3

1 − v

c
x′

4 = 0

(17)

(18)

t9 = 1
2(t2 + t4) = 1

2

 t3

1 + v

c

+ t3

1 − v

c

 = t3

1 − v2

c2

t3 =
(

1 − v2

c2

)
t9

x9 = vt9

(19)

(20)

(21){
t′
9 = kt9

x′
9 = 0

(22)
(23)

t9e⃗ + v

c
t9⃗i = kt9e⃗

′

kt9e⃗
′ − t3e⃗ = l

c
i⃗ ′

(24)

(25)

kt9e⃗
′ − t3e⃗ = t9e⃗ + v

c
t9⃗i − t3e⃗ = t9e⃗ + v

c
t9⃗i −

(
1 − v2

c2

)
t9e⃗ (26)

v

c

(
v

c
e⃗ + i⃗

)
t9 = l

c
i⃗ ′ (27)

v

c
e⃗ + i⃗ = l

vt9
i⃗ ′ (28)


e⃗ + v

c
i⃗ = ke⃗ ′

v

c
e⃗ + i⃗ = l

vt9
i⃗ ′

(29)

(30)
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(
e⃗ + v

c
i⃗
)

·
(

v

c
e⃗ + i⃗

)
= kl

vt9
e⃗ ′ · i⃗ ′ (31)

v

c
(e⃗ 2 + i⃗ 2) +

(
1 + v2

c2

)
e⃗ · i⃗ = kl

vt9
e⃗ ′ · i⃗ ′ (32)

e⃗ · i⃗ = e⃗ ′ · i⃗ ′ = 0; e⃗ 2 = −⃗i 2 (33)


e⃗

i⃗

j⃗

k⃗

 ·
(

e⃗ i⃗ j⃗ k⃗
)

=


e⃗ ′

i⃗ ′

j⃗ ′

k⃗ ′

 ·
(

e⃗ ′ i⃗ ′ j⃗ ′ k⃗ ′
)

= ±


−1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

 (34)

(
e⃗ + v

c
i⃗
)2

= k2e⃗ ′ 2 (35)

(
1 − v2

c2

)
e⃗ 2 = k2e⃗ 2 (36)

k =
√

1 − v2

c2 (37)



t′
2 = kt3

1 + v

c

t′
4 = kt3

1 − v

c

(38)

(39)

t′
2t

′
4 = k2t2

3

1 − v2

c2

= t2
3 (40)

t2
3 = t′

2t
′
4 (41)

In Minkowskian space the upper limit of velocities should be interpreted as the limit at
which the hyperbolic structure of the geometry can be used.
Clock synchronization leads to the parameterization of the t’ axis, and is done by manip-
ulating the physical clock of observer S’ initially in event 4.
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Geometric interpretation of the Minlowski metric

Event 1: 
x − x0 = c(t − t0)
x = 0
x = x1

t = t1

(42)
(43)
(44)
(45)

 t1 = t0 − x0

c
x1 = 0

(46)

(47)

Event 5: 
x − x0 = −c(t − t0)
x = 0
x = x5

t = t5

(48)
(49)
(50)
(51)
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 t5 = t0 + x0

c
x5 = 0

(52)

(53)

Event 2: 
x − x0 = c(t − t0)
x = vt

x = x2

t = t2

(54)
(55)
(56)
(57)

vt2 − x0 = ct2 − ct0 (58)

−v

c
= ct0 − x0

ct2
− 1 (59)

 t2 = ct0 − x0

c − v
x2 = vt2

(60)

(61)

Event 4: 
x − x0 = −c(t − t0)
x = vt

x = x4

t = t4

(62)
(63)
(64)
(65)

vt4 − x0 = −ct4 + ct0 (66)

 t4 = ct0 + x0

c + v
x4 = vt4

(67)

(68)

t′
2 = kt2; t′

4 = kt4 (69)

v

c
= ct0 + x0

ct4
− 1 (70)

0 = ct0 − x0

ct2
+ ct0 + x0

ct4
− 2 (71)

t1

t2
+ t5

t4
= 2 (72)
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
t1

t2
= 1 − v

c
t5

t4
= 1 + v

c

(73)

(74)

t1t5
t′
2
k

t′
4
k

= 1 − v2

c2 (75)

t1t5

t′
2t

′
4

=
1 − v2

c2

k2 = 1 (76)

t1t5 = t′
2t

′
4 = t2

0 − x2
0

c2 = τ 2 (77)
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